
O

I

Z

<

<
Z

!

yf'

TECHNICAL
D-1405

NOTE

THERMODYNAMIC CONSISTENCY OF SOLUBILITY DATA FOR

THE HYDROGEN-HELIUM VAPOR-LIQUID SYSTEM

By Irving Brazinsky and Byron S. Gottfried

Lewis Research Center

Cleveland, Ohio

CASE FILE
COPY

NATIONAL AERONAUTICS

WASHINGTON

AND SPACE ADMINISTRATION

August 1962

Ivd 3-/V_3.s

NASA TN D- 14o3

f r

J





NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1405

THERMODYNAMIC CONSISTENCY OF SOLUBILITY DATA FOR

THE HYDROGEN-HEL_DMVAPOR-LIQUID SYSTEM

By Irving Brazinsky and Byron S. Gottfried

SUMMARY

The solubilities of helium in liquid hydrogen at several tempera-

tures and pressures have been experimentally obtained by S. R. Smith at

Ohio State University. Smith was unable analytically to show thermo-

dynamic consistency in his data. This inconsistency appears to have

been produced by the use of incorrect values for the coefficients in a

virial equation of state. In this report these data were evaluated for

thermod_mamic consistency by determination of hydrogen fugacitles by

two independent techniques, one of which employs recently obtained ex-

perimental values for the required virial coefficients. The solubility

data are reasonably consistent_ al_hough the accuracy of the analysis

is somewhat limited by simplifying assumptions. Both the original solu-

bility data and the analysis of thermodynamic consistency are presented

herein.

INTRODUCTION

Gaseous helium is currently used to pressurize liquid-hydrogen-

rocket tankage systems_ and concern has been expressed concerning the

solubility of helium in liquid hydrogen. Reference i by S. R. Smith

contains experimental equilibrium data for the hydrogen-helium system

at three temperatures (17.4°j 20.39 °, and 21.8 ° K) and at pressures

ranging from 43 to 47S pounds per square inch absolute. These data

indicate that the solubility of helium in liquid hydrogen is small.

Smith also attempted (ref. i) to evaluate the thermodynamic con-

sistency of his data, but his calculated values of the hydrogen gas-

phase fugacities are in wide disagreement with the values of the hydro-

gen liquid-phase fugacities. This discrepancy between the fugacities

caused some doubt about the reliability of the data.

In calculating hydrogen gas-phase fugacities, Smith employed a

method requiring the use of the second interaction virial coefficient.

Because experimental data for this virial coefficient were not availa-

ble, the required values were calculated. Since the completion of ref-

erence i, however, experimental values of the second interaction virial



coefficient have been obtained for the hydrogen-helium system (ref. 2)

that are appreciably different from Smith's values. The thermod_mamic

consistency of Smith's solubility data are therefore evaluated herein

by utilizing the experimentally determined values of the second virial

coefficients. The important solubility data from reference i are also

included herein.

PRESENTATION OF DATA

The temperature, total pressure, and liquid-vapor compositions were

measured by Smith (ref. i) at various pressures along three isotherms:

!7.4 °, 20.39 °, and 21.8 ° K. Pressures ranged from 48 to 316 pounds per

square inch absolute at 17.4 ° K, from 63 to 475 pounds per square inch

absolute at 20.39 ° K, and from A3 to 386 pounds per square inch absolute

at 21.8 ° K. The data from reference i are presented in table !_ and

pressure-composition diagrams are shown in figures l(a), (b), and (c)

for temperatures of 17.4 °, 20.39 °, and 21.8 ° K, respectively. The phase

rule indicates that a two-phase binary system, which the hydrogen-helium

liquid-vapor system is, contains two degrees of freedom. Thus, if the

pressure and the temperature of such a system are specified, the liquid-

and gas-phase compositions are uniquely determined. As an illustration,

at 17.4 ° K and 200 pounds per square inch absolute, the liquid is 0.66

mole percent helium and the gas in equilibrium with this liquid is 9_.5

mole percent helium (fig. l(a)).

Smith found that, at each temperature, a plot of the fugacity of

helium against the mole fraction of helium in the liquid was a straight

line (see fig. 2). This straight line indicates that Henry's law

(ref. 3), which states that the fugacity of the solute in a two-phase

mixture varies linearly with the concentration of that constituent in

the liquid, could be applied to the hydrogen-helium equilibrium mixture.

Because the gas phase is not a perfect gas mixture, the fugacity in

Henry's law is used in place of partial pressure.

ANALYSIS

The approach taken herein in analyzing the data involves a compari-

son between the fugacities of liquid hydrogen and of gaseous hydrogen as

determined by two independent techniques. In the first method_ Henry's

law was substituted into the Gibbs-Duhem equation, and the resulting

expression was integrated to obtain a relation among pressure, liquid-

phase composition, and liquid-phase fugacity. In the second method, a

virial equation of state was substituted into an exact thermodynamic

expression for the fugacity of a component in a gas mixture; thus, the

fugacity of hydrogen vapor was obtained as a function of vapor-phase

composition. Consistent data should result in agreement between the

values of the fugacities calculated from the two methods, since the

liquid- and gas-phase fugacities must be equal in an equilibrium mixture.
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Liquid-PhaseFugacities

The Gibbs-Duhemequation is given in reference 4 as

= + m dP
in x in RT dx1

T

This equation maybe put into the more convenient form

(i)

df I df 2 V'
_ m dP (_)

xiT + (i- _i)f_. RT

It has been experimentally sho_n (ref. i) that the solute obeys Henry's

law (fig. 2), which is given by

fl = kXl

Thus_

df I = k dx i

and

df I dx I

fl Xl

(3)

Substituting equation (3) into equation (2) yields

_i + (i -_i)
df 2 _ Vl dP

f2 RT

Replacing (i - Xl) by x2 and dx I by -dx 2 gives

i df2 I Vi dP
- +

f2 dx2 x2 x2RT dx2

or

V!dlnf2 1 m dP
- +

dx 2 x 2 x2R2 dx 2



Since dilute solutions are involved, x2 is approximately equal to I;
therefore_

din f2 = i + V_ dP (4)

--"dx 2 x 2 R_' dx 2

S_nith used equation (4) to determine in f2 as a function of x 2 and

dP/dx 2. His method of obtaining fugacities involved the determination

of dP/dx 2 from the slopes obtained from a smoothed curve representing

experimental equilibrium data points.

Formal integration of equation (4) is desirable so that the analy-

sis will be independent of an estimated slope. This integration, with

the assumption that V_ (the molal volume of the liquid) is constant,

is

df 2 dx 2 Vm

T dP
o

or

f2 V' o
In- = in x 2 + m (p_ P2)o

f2

or

--x2f exp (P-p2

Equation (5) is used herein to calculate values of f2

measured values of x 2 and P at a given temperature.

(5)

corresponding to

Gas-Phase Fugacities

Smith used the Lewis and Randall rule, fl = fg, IYl , to calculate

the fugacities of helium (ref. 5). The fugacities of pure gaseous

helium (fg, i) were evaluated at the temperature and the total pressure

of the system. According to Smith, the Lewis and Randall Yule accu-

rately predicts the gas-phase fugacity of helium because the temperature



of the system is always above the critical temperature of helium. Thus_
values of fg_ i do not have to be obtained by extrapolating into the
liquid region.

The gas-phase fugacities of hydrogen could not be calculated accu-
ratelyby the Lewis and Randall rule because at every point at which
equilibrium measurementswere made_the temperature and the total pres-
sure of the system were such that pure hydrogen was a subcooled liquid.
The value of fg, 2 would therefore be obtained by an extrapolation of
the gaseous-hydrogen fugacity curve into the liquid region.

Smith calculated the gas-phase fugacities of hydrogen from the
following expression:

fl f2
In fmix = Xl In T1 + x2 in x-_

where fl (the fugacity of helium) is known from the Lewis and Randall
rule, and fmix is the fugacity of the gas mixture. Smith, however,
does not state how he obtained fmix except to mention that the calcu-
lation of fmix is dependent on a knowledge of the second virial co-
efficients. The values of the hydrogen gas-phase fugacities obtained by
Smith in this manner are listed in table I. Becausethe logical develop-
ment of Smith's method for determining hydrogen gas-phase fugacities is
not clear and the Lewis andRandall rule does not apply, an independent
method is developed herein for obtaining the gas-phase fugacities of
hydrogen using Smith's solubility data.

An exact thermodyngmic expression for the fugacity of a component
in a gas mixture is given in reference S as

P

(6)

An expression that allows the explicit use of equation (6) to

evaluate the fugacity of a component in a gas mixture is derived as

follows. The derivation employs a modified form of the equation of

state:

C__+__D+ . . .
RT v v 2 v 5

(7)

where B, C, D, etc. are temperature-dependent virial coefficients.
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The form of this equation used herein is

Pv_ i + B'P+ C'Pz + • • . (8)
RT

where B' = B/RT and C' = (C - B2)/(RT) 2 (ref. 6). As a truncated

polynomial_ equation (8) is a slightly less accurate form of the virial

equation of state than is equation (7)_ but because of the subsequent

mathematical manipulations, equation (8) is a more desirable form.

At the pressures employed in the investigation, terms beyond B'P

are assumed to be negligible because of the extremely small values of

the third, fourth, etc. virial coefficients. Equation (8) reduces to

B_ (9)RT-Pv i + B'P = i + RT

For binary mixtures,

PV = (nI + n2)(RT + BmP) (i0)

and

F (RT+ BmP)

where

2
Bm = YlBI + 2YlY2BI2 + y2B 2

Thus

(nl + n21 IRT 2 2 _ (ll)V = p + P(YlBI + 2YlY2B12 + Y2B2

The partial molal volume of component 2 (hydrogen) is obtained by differ-

entiation of equation (Ii) with respect to n2, with nl, T, and P

constant:

_B

_v _R_+B + (nI+_2)_



By the chain rule for partial differentiation,

_Bm SBm_Yl _Bm _Y2

From evaluation of the derivatives, it is easily seen that

Adding

(nI + n 2) n_ 2 = 2Yl(YlB12 + Y2B2 - YlB1 - Y2B12 )

Bm to this equation and rearranging results in

m
Bm + (nI + n 2) _n 2 = 2Y2B 2 + 2YlBI2 - Bm

Therefore,

_v _R_+ + -B (12)
_-nn2 p 2Y2B2 2YlBI2 m

Substituting equation (12) into equation (6) and integrating gives

P __)in f2 = in (y2 P) + _ (2Y2B 2 + 8YlB12

or

f2 = y2P exp [_T (2y2B2 + 2YlB12 - B_ (13)

Equation (15) can be used to calculate values of f2 corresponding to

Y2 and P at a given temperature, providing the required second

virial coefficient data are available.

Smith obtained values of gas-phase hydrogen fugacities from calcu-

lated values of gas-phase helium fugacities and calculated values for
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the second interaction viriai coefficient BI2. The values used by
Smith for the second virial coefficients are:

Temper- Secondvirial coefficient,
ature, cc/g-mole

T_ .....

17.4

20.39

21.8

Hydrogen,

B 2

-200.5

-147.5

-!31

Helium,

B I

-4.99

-2.08

-13.38

Interact ion,

BI2

-77.5

-58

-50.5

Recently, however, experimental values of second virial coefficients for

hydrogen-helium gas mixtures were published by Varekamp and Beenakker

(ref. 2). The values of the virial coefficients obtained from reference

2 are:

Temper-

ature,

T,
OK

17.4

20.39

21.8

Second virial coefficient,

cc/g-mole

Hydrogen,

B 2

-190

-151.3

-141

Helium,

B I

-7.0

-5.7

-2.5

Int eract ion,

BI2

-25.9

-16.2

-15.6

The values of B 2 and B ! used by Smith are approximately equal to

the values listed in this table, except for the value of BI at

21.8 ° K. The values of BI2 , however, differ greatly from the values

obtained in reference 2.

The gas-phase fugacities of hydrogen presented herein were calcu-

lated from equation (13) by utilizing the second virial coefficients

from reference 2.

DISCUSSION OF RESULTS

The equilibrium data of Smith would be considered thermodynamically

consistent if the gas-phase fugacities determined from the measured gas-

phase compositions and equation (13) agreed with the liquid-phase

fugacities that were obtained from the experimentally determined liquid-

phase compositions and equation (5). The values obtained by using these



two methods agree to within about 17 percent (based upon the liquid-
phase fugacities) for the 17.4° K isotherm, 21 percent for the 20.39° K
isothem, and about 2A percent for the 21.8° K isotherm whenthe second
virial coefficients from reference 2 are used. The discrepancies among
these values are believed to be due to Smith's equilibrium data; however,
they are not unreasonably large. The calculated values for the gas-
phase and liquid-phase fugacities are listed with their respective equi-
librium pressures in table I for the three temperatures and are shown
graphically in figure 3. _mith's calculated fugacities are also in-
cluded in figure 3.

From figure 3, the agreementbetween the calculated fugacities
is clearly better for the 17.4° and 20.39° isotherms than for the 21.8°
isotherm. Evena cursory glance at figure 3, however, will reveal that,
in all three cases, the agreementbetween gas- and liquid-phase
fugacities obtained by using the values of the gas-phase second virial
coefficients from reference 2 and the method developed herein is far
superior to the agreement that Smith obtained.

The method of checking the thermodynamic consistency of the data
presented herein has two limitations:

(i) Generally, the fugacity of a componentin a gas mixture is dif-
ficult to calculate whenthe temperature of the mixture is below the
critical temperature of that component. A more accurate representation
of state data than are available herein for the hydrogen-helium mixture
may enable more accurate calculations of the hydrogen-gas fugacities.

(2) Another possible source of uncertainty is the set of assumptions
involved in the derivation of equation (5) for the liquid-phase fugacity.
To obtain equation (5), V_ is assumedconstant and hence invariant with
pressure and composition at constant temperature. The liquid is es-
sentially hydrogen, and the molal volume of liquid hydrogen does vary
to a slight degree through the range of pressures investigated herein.
In addition, x2 was considered constant, although this quantity also
varied slightly over the pressure range considered. It was further
assumedthat Henry's law applies for the helium fugacities in the liquid
phase over the entire range of pressures.

The errors introduced into the analysis by the second limitation
are believed to be small comparedwith the errors introduced by the
first limitation.

CONCIHDINGREMARKS

In view of the previous analysis, it maybe concluded that the
hydrogen-helium vapor-liquid solubility data presented by Smith (ref. l)
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are fairly reliable. The apparent lack of thermodynamic consistency
which Smith originally reported seemsto be due to the use of calculated
values for the second virial interaction coefficient that were inaccu-
rate. Thesevalues were used to determine the gas-phase fugacities of
hydrogen from experimental solubility data. The use of later, experi-
mentally determined values for the secondvirial interaction coefficient
in the equations derived herein resulted in a reasonably accurate check
on the reliability of the solubility data.

_ewis Research Center
National Aeronautics and SpaceAdministration

Cleveland_ Ohio, April 20, 1962
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APPENDIX - SYMBOLS

second virial coefficient, cc/g-mole

second virial coefficient of mixture, cc/g-mole

second interaction virial coefficient, cc/g-mole

fugacity, atm

fugacity of pure saturated liquid hydrogen evaluated at tempera-

ture and vapor pressure of liquid, atm

fugacity of pure gas, evaluated at the temperature and total

pressure of the system, atm

fugacity of gas mixture, atm

Henry' s law constant, atm

number of moles of component in gas phase

total pressure of system, atm

vapor pressure of liquid hydrogen, atm

universal gas constant, (atm)(cc)/(g-mole)(°K)

absolute temperature, (OK)

total volume of gas, cc

molar volume of liquid phase, cc/g-mole of mixture

specific volume of gas, cc/g-mole

mole fraction in liquid

mole fraction in vapor

Subscripts:

1 solute, helium

2 solvent, hydrogen
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Figure 2. - Concluded. Fugaclty of helium as function of mole percent of helium.

(Data from ref. i.)
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